Abstract. We considered the ultrarelativistic transverse momentum distributions of the Tsallis-1 and Tsallis-2 statistics using two regularization schemes. It was revealed that the cut-off parameter strongly influences the behavior of the transverse momentum distribution in both statistics. We have also found that the ultrarelativistic transverse momentum distribution of the Tsallis-1 statistics is transformed to the momentum distribution of the Tsallis-2 statistics by identifying q → 1/q c .
Introduction
The transverse momentum distributions of the Tsallis-factorized statistics [1, 2] are largely used to analyze the LHC and RHIC data on the transverse momentum distributions of hadrons created in the proton-proton and heavy-ion collisions. The Tsallis statistics [3, 4] was applied to treat the experimental transverse momentum distributions of hadrons only in the ultrarelativistic case and only for the first variant of the Tsallis statistics [5] . In [6] it was demonstrated that the Tsallis-factorized statistics is not equivalent to the Tsallis statistics. In [7] it was found out that the parameter q, which indicates the deviation of the Tsallis distribution from the usual Boltzmann distribution, effectively takes into account the hard processes of the partons reactions, which lead to the creation of energetically highp T hadrons. The main purpose of this study is to establish the relation between the cut-off parameter and the behavior of the transverse momentum distributions of the Tsallis-1 and Tsallis-2 statistics.
2 Tsallis-1 statistics for q < 1
In the Tsallis-1 statistics, the ensemble averages, the probabilities of microstates and the norm equation in the grand canonical ensemble are written as follows [8] :
where E i and N i are the energy and the number of particles in the i-th microscopic state of the system, respectively, Λ is a norm function and q ∈ R is a real parameter taking values 0 < q < ∞.
The norm equation (2) for the Maxwell-Boltzmann ultrarelativistic ideal gas of the Tsallis-1 statistics in the grand canonical ensemble can be written as [6] 
where ε p = | p| is the one-particle energy and n pσ = 0, 1, . . . , ∞ are the occupation numbers. Using the integral representations for the Gamma-function [9]
we obtain 1
where β = −(q − 1)t/(qT ) and
For the ultrarelativistic ideal gas the partition function (6) can be rewritten as
where g is the spin degeneracy factor. Substituting (7) into (5) and using (4) we have [6] 
The terms with N > N 0 in the series (8) are divergent and they should be excluded. Note that N is not the number of particles.
The mean occupation numbers for the Maxwell-Boltzmann ultrarelativistic ideal gas in the Tsallis-1 statistics can be written as [6] 
Using (4), we obtain n pσ = 1 
Substituting (11) and (7) into (10) and using (4), we obtain [6] 
where the upper bound of summation N 0 is the same as in (8) . Then the transverse momentum distribution for the ultrarelativistic particles can be written as [6] 
In the Gibbs limit q → 1 (13) recovers the Maxwell-Boltzmann transverse momentum distribution of the Boltzmann-Gibbs statistics
Taking the zeroth term N = 0 in (13) and (8) and transforming q → 1/q c [6] , we exactly obtain the transverse momentum distribution of the Tsallis-factorized statistics [1, 2] 
To find the upper bound of summation N 0 , we rewrite (8) in the form N φ(N) = 1, where 
However, in the second method of truncation of the series, which we denote as the Model B, we find N 0 from the inflection point of the function ln φ(N) [6] :
The transverse momentum distribution of the Model A differs essentially from the transverse momentum distributions of the Model B and the Tsallis-factorized statistics due to the large values of the cut-off parameter N 0 . However, the transverse momentum distribution of the Model B is close to the transverse momentum distribution of the Tsallis-factorized statistics, because the values of N 0 in the Model B are close to zero. In the Tsallis-2 statistics, the ensemble averages, the probabilities of microstates and the partition function in the grand canonical ensemble are written as follows [4, 6] :
where Z is the partition function and q c ∈ R is a real parameter taking values 0 < q c < ∞. Note that q c is a finite number and it cannot be equal to infinity. The partition function (20) for the Maxwell-Boltzmann ultrarelativistic ideal gas in the framework of the Tsallis-1 statistics in the grand canonical ensemble can be written as [6] 
where N 0 < 1/(3(q c − 1)). The terms with N > N 0 in the series (21) are divergent and they should be excluded. Note that N is not the number of particles. The mean occupation numbers for the Maxwell-Boltzmann ultrarelativistic ideal gas in the Tsallis-2 statistics in the grand canonical ensemble for q c > 1 can be written as [6] 
where the upper bound of summation N 0 is the same as in (21). Then the transverse momentum distribution for the ultrarelativistic particles can be written as
. (23)
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In the Gibbs limit q c → 1, (23) recovers the Maxwell-Boltzmann transverse momentum distribution (14) of the Boltzmann-Gibbs statistics. Taking the zeroth term N = 0 in (23) and (21), we exactly obtain the transverse momentum distribution (15) of the Tsallis-factorized statistics.
To find the upper bound of summation N 0 , we rewrite the partition function (21) in the form Z = N φ(N), where
In the Gibbs limit q c → 1 (24) In the Model A, the cut-off parameter N 0 is found from the local minimum of the function ln φ(N) substituting (24) into (17). However, in the Model B, the cut-off parameter N 0 is found from the inflection point of the function ln φ(N) substituting (24) 
Comparison of the Tsallis-1 and Tsallis-2 statistics
In figure 3 , we compare the transverse momentum distributions of the Tsallis-1 statistics with the transverse momentum distributions of the Tsallis-2 statistics in the Model A and the Model B. The parameter q of the Tsallis-1 statistics was obtained by the equality q = 1/q c . We have obtained that the results of the Tsallis-1 statistics practically coincide with the results of the Tsallis-2 statistics. Thus, the ultrarelativistic transverse momentum distribution of the Tsallis-1 statistics is transformed to the ultrarelativistic transverse momentum distribution of the Tsallis-2 statistics by identifying q → 1/q c . 
Conclusions
The analytical formulae for the ultrarelativistic transverse momentum distributions of the Tsallis-1 and Tsallis-2 statistics were derived in detail. To regularize them, we use two cut-off prescriptions: the Model A and the Model B. It was revealed that the cut-off parameter strongly influences the behavior of the transverse momentum distribution in both the Tsallis-1 and Tsallis-2 statistics. In the Model A, in which the cut-off parameter is found from the local minimum of the function ln φ(N), the transverse momentum distribution differs essentially from the transverse momentum distribution of the Tsallis-factorized statistics. However, in the Model B, in which the cut-off parameter is found from the inflection point of the function ln φ(N), the transverse momentum distribution is very close to the transverse momentum distribution of the Tsallis-factorized statistics. We have also found that the ultrarelativistic transverse momentum distribution of the Tsallis-1 statistics is transformed to the momentum distribution of the Tsallis-2 statistics by identifying q → 1/q c .
